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 If we study the history of integral calculus, we will
know that it was discovered to find the areas of plane
regions bounded by lines and curves in the plane. Its
concept was based on the limit of sum of a series in
which the number of terms was infinite and each term
tended to zero. We will study about it from this
prospective in Chapter 8. Later it was seen that,
integration is the inverse process of differentiation.

 In differential mathematics, we have to find the
differential cofficient or derivative of a given function,
whereas in integral mathematics, we have to find the
function whose differential coefficient is given.
Therefore, the process by which we have to find the
function F(x) from a given function f(x) whose

differential coefficient dx
d

{F(x)} = Function f(x), is

called integration. Obviously, this process of integration
is the inverse process of differentiation and it is also
called anti-derivatives. i.e. if

dx
d

{F(x)} = f(x)

then F(x) is called the integration of functoin f(x) with
respect to x. Symbolically it is represented as :

( )  f x dx  = F(x), where the symbol  (which is an

extended form of the English alphabet S, which is used
for addition) is used for integration and the letter x in
dx expresses the variable with respect to which we
have to integrate. The function f(x) which we have
to integrate is called integrand and is called the integral
of F(x).
So,             f(x)dx = F(x)

 

For example :

(i) Since dx
d

(sin x) = cos x   cos xdx = sin x

(ii) Since dx
d

(tan x) = sec2x  sec2 xdx = tan x

(iii) dx
d












5

5x
= x4   x4 dx = 

5

5x

(iv) dx
d












3

3xe
= e3x   e3x dx = 

3

3xe
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 We know that the differentiation of any constant term
is zero, i.e.

dx
d

(c) = 0, where c is a constant.

Now if dx
d

{F(x)} = f(x)

then dx
d

{F(x) + c} = dx
d

{F(x)} + dx
d

(c)
= f(x) + 0
= f(x)

So by definition of integration,
 f(x) dx = F(x) + c.

 There c is called the constant of integration and is
independent from variable x. On putting different values
of c, different integrals of the given function f(x) are
obtained, in which only constant term differs. So, F(x)
+ c is called general integration of function f(x).

 In general integration c is not constant. Due to
uncertainty of c, it is also called indefinite integral.

For example :

(i) Since dx
d

(tan x + c) = sec2x
  sec2x dx = tan x + c

(ii) Since dx
d

(ex + c) = ex

  exdx = ex + c

(iii) Since dx
d

(sin x + c) = cos x
  cosx dx = sin x + c

 Note : Students should practice to write the constant
of integration at the end of each indefinite integral. It
is added at the end after the process of integration.
For convenience, we do not write it again and again.

7.2  The Constant of Integration

 Theorem 1 : If constant of integration is removed
then

 dxxf
dx
d )( = f(x)

Proof : Let

F( )d x
dx

= f(x) ...(1)

then according to definition of integration,
 f(x)dx = {F(x) + c} ...(2)

where c is a constant.
On differentiating eq. (2) with respect to x, both sides

( )d f x dx
dx

 
  = F( )d x c

dx

= F( ) ( )d dx c
dx dx

= f(x) + 0 [From eq. (1)]

( )d f x dx
dx

    = f(x)

Therefore this theorem proves that the process of
integration, is the inverse process of differentiation.

 Theorem 2 : The integration of product of a constant
and a function is equal to the product of constant and
integral of the function.
i.e. kf(x)dx = kf(x)dx
where k is a constant.

7.3  Theorems on Integration
Proof : From the theorem of differential mathematics,
we know that :

 dxxfk
dx
d )( =  dxxf

dx
dk )(

= kf(x) [From theorem 1]
Thus according to definition of integration,

kf(x)dx = kf(x)dx.
 Theorem 3 :

 dxxfxf )()( 21  = dxxfdxxf )()( 21 
i.e. integral of sum or difference of two functions is
equal to sum or difference of their integrals.
Proof :
Let f1(x)dx = 1(x) ...(1)
and f2(x)dx = 2(x) ...(2)

so
dx
d

1(x) = f1(x) and 
dx
d

2(x) = f2(x)

 )()( 21 xx
dx
d

 = )()( 21 x
dx
dx

dx
d



= f1(x) ± f2(x)
Integrating,

1(x) ± 2(x) =  {f1(x) ± f2(x)}dx
or f1(x)dx ±  f2(x)dx =  {f1(x) ± f2(x)}dx

[From eqns (1) and (2)]
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This theorem can also be used to find the integration
of finite number of terms.
 {f1(x) ± f2(x) ± f3(x)} ±...± fn(x)}dx

=  f1(x)dx ±  f2(x)dx ±  f3(x)dx ±...±  fn(x)dx
Thus the integration operation is distributed over a
finite number of terms.

 Comment :
(1) This theorem is called the law of term- by-term
integration.
(2) This rule does not necessarily apply to the integral
of the sum of infinite terms.

 General form :
 a f1(x)dx ±  b f2(x)dx = a  f1(x)dx ± b  f2(x)dx

 By simply using the definitions in the standard formulas of differential mathematics, the corresponding formulas for
integration can be obtained. This is shown in the following table :

Differentiation Formula Corresponding Integration Formula

1. cc
dx
d ,0)(   is a constant ,0 cdx   constant

2.   0,1   nxnx
dx
d nn

0,1   ncxdxnx nn

or 1,
1

1















nx

n
x

dx
d n

n

or 1,
1

1







nc
n
xdxx

n
n

3.
1log , 0d x x

dx x
0,log1

 xcxdx
x

4. xx ee
dx
d

)( cedxe xx 

5. 1,0,
log











aaa

a
a

dx
d x

e

x
c

a
adxa

e

x
x 

log  = 1,0,log  aacea a
x

6.   xx
dx
d cossin   where x is in radian cxdxx  sincos  where x is in radian

7.   xx
dx
d sincos  cxdxx  cossin

8.   xx
dx
d 2sectan  cxdxx  tansec2

9.   xxx
dx
d 22 csccoseccot  2 2cosec csc cotx dx x dx x c

10.   xxx
dx
d tansecsec  cxdxxx  sectansec

11. cosec cosec cotd x x x
dx cosec cot cosecx x dx x c

12.
dx
d

(sin1 x) = 
dx
d

(arcsin x) =  1,
1

1
2




x
x


 21

1

x
dx = sin1 x + c = arcsin x + c,  1x

7.4 Standard Formulae of Integration
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13.
dx
d

( cos 1 x) = 
dx
d

( arccos x) = 21

1

x


 21

1

x
dx = – cos 1 x + c

14.
dx
d

(tan 1 x) = 
dx
d

( arctan x) = 21
1
x   21

1
x

dx = tan 1 x + c = arctan x + c

15. 1
2

1cot
1

d x
dx x

1
2 cot

1
dx x C

x

16.
1

2

1sec
1

d x
dx x x

1

2
sec

1
dx x C

x x

17.
1

2

1cos
1

d ec x
dx x x

1

2
cosec

1
dx x C

x x

18.
dx
d

|x| = 
x
x

, x  0 



x
x

dx = |x| + c, (x  0)

 Comment : Integration constant c should be added in all formulas given above.
 Abbreviated form : cosec x = csc x, arc sin = sin1 etc.

Example 1. Write an antiderivative for each of the
following functions using the method of inspection :
(i) cos 2x
(ii) 3x2 + 4x3     (Board Model Paper, 2022-23)

(iii) 
x
1

, x  0 (NCERT)

Sol. (i) Here we want to know the function whose
derivative is cos 2x.
We know that

dx
d

(sin 2x) = 2cos 2x

 cos 2x = 
dx
d

2
1

(sin 2x)

= 
1 sin 2
2

d x
dx

 
 
 

So antiderivative of cos 2x is 
2
1

sin 2x.

(ii) Here we want to know the function whose
derivative is 3x2 + 4x3.

Now  43 xx
dx
d

 = 3x2 + 4x3

So antiderivative of 3x2 + 4x3 is (x3 + x4).

(iii) Here we want to know the function whose

derivative is 
x
1

.

So
dx
d

(log x) = 
x
1

, x > 0

and
dx
d

[log( x)] = 
x

1
( 1)

= 
x
1

, x > 0

On taking both simultaneously, we get

dx
d

(log |x|) = 
x
1

, x  0

so 


x
1

dx = log |x|,

which is one of the antiderivative of
x
1

.

Example 2. Find the integration of the following :

 2

2cos
 

3sin


x
dx

x

Sol. Here, 2

2cos
 

3sin


x
dx

x
=    xx

x
sinsin3

cos2
dx

SOLVED EXAMPLES
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= 
3
2
 cot x.cosec x dx

= – 
3
2
 cosec x + c Ans.

Example 3. Find the following integrals :

(i) 

2

3 1
x

x
dx

(ii) 
2
3 1x dx

(iii) 

3
2 12 xx e dx

x (NCERT)

Sol. (i) Here

     
 dx

x
x

2

3 1
= 

3

2 2

1x
x x

 
 

 
 dx

= x dx – x2 dx (using theorem 3)

= 





























2

12

1

11

1211
cxcx

,

Here c1 and c2 are integration constants.

= 
2

2x
+c1  

1

1
x


 c2

= 
x

x 1
2

2
 + c1 – c2

= 
x

x 1
2

2
 + c

Where c = c1 – c2 is a variable constant.
Note : From going forward we will write a constant
of integration only in the last answer.
(ii) Here

2

3 1x dx  = dxdxx  3
2

= cxx






1
3
2

1
3
2

= cxx 3
5

5
3 Ans.

(iii) Here
3
2 12 xx e dx

x

= dx
x

xdedxx x  
122

3

= dx
x

dxedxx x  
122

3

= 

3 1
2

2 log
3 1
2

xx e x c


  


= cxex x  log2
5
2 2

5

Ans.

Example 4. Find the following integrals :
(i)  (sin x + cos x)dx
(ii)  cosec x (cosec x + cot x)dx

(iii) dx
x
x




2cos
sin1

(NCERT)

Sol. (i) Here
 (sin x + cos x)dx

=  sin dx +  cos x dx
=  cos x + sin x + c Ans.

(ii) Here  cosec x (cosec x + cot x)dx
=  (cosec2 x + cosec x cot x)dx
=  cosec2 x dx +  cosec x cot xdx
=  cot x  cosec x + c Ans.

(iii) Here

dx
x
x




2cos
sin1

= 2 2

1 sin

cos cos

x
dx

x x

 
 

 


= dx
xx

xdx
x  


coscos

sin
cos

1
2

=  sec2 x dx   tan x.sec x dx
= tan x  sec x + c Ans.

Example 5. Find the antiderivative F of f defined by
f(x) = 4x3 – 6, where F(0) = 3. (NCERT)

Sol. The antiderivative of f(x) is x4 – 6x since 
dx
d

(x4 – 6x)

= 4x3 – 6, Therefore, the antiderivative F is given by
F(x) = x4 – 6x + c, where c is a constant.
Given that, F(0) = 3, which gives,

3 = 0 – 6  0 + c
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